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H ABOP TPEX O/IMHAKOBBLIX I1O
Macce THpPeK 06JaTaeT MpuMeda-
TEJIbHBIM CBOMCTBOM: ecsim JIoOyI0 U3
9TUX TUPEK OTJOKUTH B CTOPOHY, TO
OCTaJIbHBIE MOKHO YPABHOBECUTD HA JIBYX
yaimax BecoB. TakuM ke CBOHCTBOM 06-
majiaer Habop u3 JI06GOTO HEYETHOTO KO-
JIMYECTBA OJIMHAKOBBIX rUpeK. JII060IBIT-
HO, YTO CYNIECTBYIOT U HaGOPBI pa3/mia-
IONUXCST TI0 MAcce TUPEK, € KOTOPBIMH
MOJKHO TIOCTYTIATH TTOXOKIM 06pa3om. O
CBOMCTBaxX 3TUX HA0OPOB Oy/ET PaccKa-
3aHO B JIAHHOI CTaTbe.

Yto6bl OTJIMYATD paccMaTpuBaeMble
HaGOPbI TUPEK OT BCEX OCTAJbHbIX, Jla-
BaiiTe yCJOBUMCS MCIOJB30BATh CIIEIH-
asbiblil Tepmun. HaGop rupek HazoBeM
npumeuameibHvlM, ecau Iocje yaaje-
HUS 00O TUPbKM M3 3TOro Habopa
OCTABIIIECS] MOKHO PA3JIOKUTD MO [IBYM
JarramM BECOB TaK, Y4TO BEChI OKAKYTCS B
PaBHOBECHT.

B npumeuaTtenbHoM Habope
KONINYeCTBO FMpeK HeYeTHO

CHavasa IPEAIOIONKIM, YTO MAaCChl
rUpeK B NpUMeyaTeJbHOM Habope BbIpa-
HKAIOTCA NETbIMU grciaMu (TpaMMOB 1T
KHUJIOTPAMMOB — JIJISI HAC 9TO HECYIeCT-
BeHHO).

YrBepxkaenue 1. Yucna, evipaxaio-
wue Maccvl 2upex 6 NpuMeuamesvHoM
Habope, umeom 00UHaAKo8YI0 YeTMHOCMD.

O603HAYUM MacCbl THPEK &, d,

.y @, yctb S =a, +a, +...+a,. Ilo-

cKkosbKy unca S = a, (i npoGeraer 3ma-
yenud 1, 2, ..., n) 4eTHbIe, TO BCE YnCIa
ay, dy, ..., d, IMCIOT OJIMHAKOBYIO 4eT-
HOCTb.

YrBepxkaenue 2. Ecau maccol eupex 6
NPUMEUAMENLHOM HAOOPE BUIPAKAIOMCS
HeuemHobIMU YUCAAMU, MO KOJAUYECNEO
2upex HeuemHo.

IT0 yTBEpKIEHHE CJeayeT U3 TOrO
(bakra, 94TO CyMMa Macc THPEK, OCTaB-
muxcs B Habope 1nocJie yjaneHus Jao6oii
OJ[HOM M3 HUX, JOJKHA ObITh YETHOI.

YrBepxkaenue 3. Ecau maccol eupex 6
NPUMEUAMENLHOM HAOOPE BUIPAKAIOMCS
UCSILIMU YUCAMU, MO YUCTO 2UPEK He-
uemmno.

33MeTI/IM, YTO TIOCJ€ YBEJINYECHUA NN
YMEHbIIIECHUA MacCC THUPEK B IIpUMeEYa-
TeJIbHOM HaGope B OJJHO U TO e KOJmie-

CTBO pa3 CBOICTBO TpUMevYaTeJbHOCTH
HaGopa coxpansiercsi. Eciim macent rupex
B HaGope BBIPAXKAIOTCS YETHBIMU YUCJIA-
MU, TO 00pa3yeM HOBBIH IpuMeYaTeIb-
HBII HaGOp JIeJIEHIEM BCEX MACC HA HaW-
GOJIBILIYIO BO3MOXKHYIO CTElleHb JIBOIKI.
B nosyuennom mocse Taxoii orneparyn
[pUMeYyaTeJIbHOM Ha0ope TPUCYTCTBYET
10 KpaifHeil Mepe OflHA TUPbKA C HeyeT-
HOIT MacCOM, MOITOMY U BCE THPHKHU TaKO-
ro HaGopa UMEIOT HevyeTHble Macchl (CM.
yreepxaerne 1). CremosarenbHo, TH-
peK B 9TOM HaGope HEIETHOE KOJTMIECTBO
(yrBepxaenne 2).

B npumevaresbHOM HaboOpe HedeTHOE
KOJIMYECTBO THUPEK Oy/eT [Jake B TOM
clydae, €CJAM WX MACChl BBIPAKAIOTCS
IIPON3BOJIbHBIMU [[eﬁCTBHTe]IbeIMH qyuc-
JIaMH.

JlokazaresabcTBO 9TOr0 (paxTa Tpedyer
IIPUBJICYECHUA CBeZ[eHI/IfI, BbIXO/AIIUX 3a
PaMKM TIKOJbHON MPOTPAMMbl, TOTOMY
MbI IIPUBEIEM JIUIIb NJICI0 JT0KA3aTeJb-
crBa. Kaxk u mpexae, GymeMm TmosaraTh,
YTO MaCChl TUPEK IpUMEYaTeJIbHOTO Ha-
6opa BbIpa’kaloTCsl 4YUCIAMU d,
a, ..., a, (n>2). YcioBus paBHoBecus
TMpEK 3alnuieM B BHUIAE COBOKYIIHOCTH
DABEHCTB:

00L& +p,a, +...+p,a, =0,

Py, +0L0k, +...+p, a

Pty + P, +... 00, =0.

3necb koadduluentsl Py nupu i # j
pasubr 6o 1 (Ipu i-M B3BEmMMBAHUN
J-sI THpbKAa HAXOANTCS Ha JIEBOI darie
BecoB), m6o —1 (11pu i-M B3BeIIMBAHUY
J-5 TUpbKa HAXOJUTCS HA TIPABOIl yalie
BecoB); p,; = 0 (mpnm i-M B3BenmBaHUM
i-s1 THPbKa OTJIOKeHa B cTopony). CoBo-
KyIHOCTH paBeHcTB (1) MOKHO paccMar-
p¥BaTh Kak CUCTEMY YpaBHEHHI OTHOCH-
TEJLHO MEPEMEHHBIX d,, d,, ..., d,. ITa
CHCTEMa BCET/JIa MMEET TPUBHAJIBHOE pe-
menne @, =da, =...=a, =0 (nposepp-
Te!).

Ecuit ke y CHCTEMBI CYIIECTBYET XOTSI
Obl OIHO HETPUBUAJIBHOE PEIIeHue, To,
OKa3bIBACTCA, PA3JIMYHbIX HCHYJICBbIX pE-
MeHniT CyIecTByeT OeCKOHEYHOEe MHO-
skectBo! Hampumep, perrenusiMu cucte-
MbI

a +a; +a;, +as —ag —a; =0,
a —ay—a, +as —dg +a; =0,
4 — a4
a-a—-a; +as +ag —a; =0, (2)

—da, tas —ag +a; =0,

@ *tay,taz—a; +dg —a; =0,
@ —a ta; —a, —as  +a; =0,

4 a4y —az ta; —as tag =
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pUHUMATD JI00bIe 3HaueHus1 (oKaTyii-
cra, mposepbre). Takag mnepemennas
Ha3bIBAETCsI CBOOOIHON IEepEeMEeHHON.
Honaras snauenye nepeMeHHoll @, pas-
HBIM JTIO0OMY TI€JIOMY YHCTY, KPATHOMY
13, /19 OCTAJbHBIX TEPEMEHHBIX TaKXKe
HOJIy4nM IieJjible 3HaudeHUs. B olmem
cayuae y cucrembl (1) mpyu pasimdnbx
3HaueHnAX Koa(uIueHTos P;; cBo6oI-
HBIX TIIEPEMEHHBIX MOKET HOJIyLH/ITbCSI
HECKOJIbKO: @ ,@; ..., d; . MOXHO 10-
Ka3aTh, 9YTO OCTAJbHBIE IEPEMEHHBIE
BBIPAKAIOTCSL Yepe3 HUX B BHUJEC KOMOU-
Hal Uil 7’1di1 +7’2di2 +...+7kdik ,  rae
1,7y, ...y T, — HEKOTOPDIE PAUUOHANbHBIE
yncsia. [ocmeniee 06CTOSITENBCTBO TI0-
3BOJISIET TaK TOA00OPATD TIEJTbIE 3HATCHIST
CBOOO/THBIX TIEPEMEHHBIX O
4TO BCE BbIpaKeHus 7a; + rzai2 +...
.t rkal.k , B KOTOPbIX OHU HCIHOJIb3YIOT-
cs (a 3HAUNT, U BCE OCTAbHBIE TIEPEMEH-
HbIE), OKaXKyTCs HeJIbIMU uucaaMu. Ta-
KM 06pa3oM, €CJIM CYIIECTBYET TPOU3-
BOJIBHOE HETPUBUAJIBHOE PEIIeHIe CHC-
tempr ypasuennii (1) a,a,,...,a,, 10
CYIIIECTBYET TAaKKe PEIIEHUe ITOH ChcTe-
MBI, BBIPDAKEHHOE UEAbIMU UYUCTAME
b;,b,,....;b,. Tupex ¢ maccamu
b, b,,...,b, B puMedaTenpHOM HaGOPE
MOKeT OBbIThb JIMIb HEYETHOE KOJIuYe-
ctBo. Ctaso 6bITh, U B C/IyYae mpuMeda-
TEJIBHOTO HAGOPA THPEK, MACCHI KOTOPBIX
BBIPAYKAIOTCSI MTPOU3BOJIBHBIMI JI€HICTBU-
TEJIbHbIMU YUCJaMU, KOJUYECTBO TUPEK
HEYeTHO.

)

Yupaxkuenue 1. B npumeyarespHoM HaGO-
pe HCIOAb3YIOTCS TUPBKH € MaccaMu
a,,d,, ..., a, TpaMMOB. JIOKasKUTE, YTO U3 TBEP-
JIbIX CTeprKHell ¢ imHaMu 4, d,, ..., d, CaHTu-
lVICTpOB, coe/IuHAgda Uux H_[a.pHI/IpHOY MOXHO
06pa3oBaTtbh MHOTOYTOJbHUK, KOTOPbI Jie-
dopmMupyercsi B paBHOGEAPEHHDIN TPEYTOJIb-
HUK C JTIOOBIM OCHOBaHUEM @ (i=1,2,...,n).

CKonbKo rupek
B NpuyMeyaTenibHOM Habope?
Mbl yoke 3HaeM, YTO B C/Iydae PaBHbIX

MacC B IIpumMevyareJIbHOM Haéope MOJKET
COIEPIKATbCA TIPOU3BOJIBHOEC HEYECTHOE



KosmmuectBO tnpek (Gosbinee 2, pasyme-
ercst). Kpome Toro, B mpuMepe pebiLy-
IIETO IIYHKTa HaM yJdaJIOChb BbBIYHUCJINUTH
IPUMEYATETbHBIE HAOOPDI, COCTOSIIINE 13
CEMU TUPEK pPa3JNYHbIX MaCC, B HaCTHO-
crm 1, 3, 5, 7, 9, 11, 13. Cmoco0, ¢
MOMOIIBIO  KOTOPOTO MBI 3TO  CEJTAJIH,
TIO3BOJISIET JIETKO TIPOU3BECTH TIPOBEPKY
MIPUMEYaTeIbHOCTH 3TOTO Habopa:
3+5+7+9=11+13,
14+9+13=5+7+11,
9+13=1+3+7+11,
1+9+11=3+5+13, (3)
1+3+5+11=7+13,
1+5+13=3+7+09,
7+11=1+3+5+9.
Cy1iecTByIOT I IpUMeyYaTesIbHbIe Ha-
6OPBI ¢ MEHBIINM KOJMYECTBOM Pa3JIida-
FOIUXCS TI0 Macce TUPeK?
Ynpaxuenus
2. ITokaxkute, 4TO He CYNIECTBYET IpHUMeYa-
TEJIbHOI'O Haéopa C TpeMA TupbKaMu, MaCCbl
KOTOPbBIX TIOTIAPHO PA3JINYHbI.
3. ITokaxxute, 4TO HE CYIIECTBYET IIpUMeYa-
TEJIbHOI'O Haéopa C IATHIO TUPbKaMM, MaCChbl
KOTOPBIX IOIIAPHO Pa3/INYHbI.

Takum o6pazom, 7 — MUHHMMAJbHOE
YHCJIO THPEK, KOTOPOE MOKET CO/IEPIKATD

MATEMATHUUYECKUN KPYJXOK

npuMeyaTebHblil HAGOp, €CJM MacChl
€ro THPEeK TIOMapPHO Pa3/IMIHbI.

Xoportro, a Kak ObITb ¢ GOIBITIM KO-
yecTBOM rupex? Beerpa s cymiectByior
nabopsi, cogepskantue 9, 11, 13, ... pas-
JIMYAIONINXCS 110 Macce TUPEeK?

OTBeT Ha 3TOT BONPOC TOJOXKUTEJIb-
upril. Ceffuac MbI TOCTPOMM HEKOTOPYIO
KOHCTPYKIIMIO, TO3BOJISIONIYIO TPOJIOJI-
JKUTb YK€ U3BECTHbIH HaM pan aq, = 1,
ay,=3,a;=5,a,=7,a5 =9, a; =11,
a, = 13.

3ameTnM, 4TO B Ka)KJOM U3 PABCHCTB
(3) MpHUCYTCTBYIOT <«pas/e/cHHbIE coce-
u»: B JIEBOHl YacTU HaWeTcs TaKoe
YUCJIO, JIII KOTOPOTO B IPaBOil yacTu
00HAPYKUBACTCS COCE/IHEE C HUM Hevet-
Hoe umcao (4meso, oTaMYaloNieecs Ha
2). Ecim stv Ba «COCEAa» IOMEHATh
MeCTaM#, TO JIJisi BOCCTAHOBJIEHUST «PaB-
HOBECUA» B Ty qacCTb, Kyz[a TepeMecTuT-
€Sl MEHbIIIEEe YUCJI0, HYKHO J100aBUTD 4.
CJrieroBare/ibHO, €CJIM J[Ba HOBBIX UJieHA
OyLyT OTINYATLCS APYT OT APYra Ha 4, TO
UX BCET/[a BO3MOYKHO J00ABUTh B pa3Hbie
yactu J1o6oro u3 pasencts (3), npeasa-
PUTEJIBHO IIEPECTABUB B HEM JIBYX «COCE-
Jieit» Tak, 4TOObl PAaBEHCTBO TIPU 3TOM He
HapYIINJIOCh.

IMomoxum dg =x, dg =x + 4, T7ie x ecTh
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pelieHue ypaBHEHUA
7

Zai =a +x+4,

i=2
I'mpbkn ¢ Maccamut 4, d,, ..., dy 0OPa3y-
10T HOBDII ITpUMeYaTesbHblil Habop. [leii-
CTBUTEJIDHO, CEMb IPEXHUX PABEHCTB
(3) MOXKHO <«IOANPABUTH» OMHUCAHHBIM
BpIe crnocoboM. K HUM 106aBJIAIOTCS
JIBA HOBBIX PABEHCTBA!
7
%+Z@
i=3
7
@+Z@
i=3
3aMeTnM, YTO BO BHOBb TMOJYYEHHBIX
PaBEHCTBAX CHOBA IPHCYTCTBYIOT «Pa3-
JIeJIeHHbIE CcOCel», TaK 4YTO IPOILeCC
00pa30BaHNsI HOBBIX WICHOB MOXKHO IIPO-
NOJKUTD: d, =y, d,y =y +4, r1e y ectb
peleHre ypaBHEHHS
9

D a=a vy,

i=2
n TakK JaJjiee.

a, +d9,

a, +as.

Yunpaxknenue 4. [Ipumeuaresbubiii HaGOp
COCTOUT U3 IIATU TUPEK. Kaxumn MOryT 6I)ITb
X MacChl?




